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ABSTRACT

An analysis and computational procedure has been developed
for predicting the natural vibration modes and frequencies of rotor blade
and hub systems. This method is capable of treating rotor systems
which are ol a general configuration and of including configuration
variables which are normally neglected.

An experimental apparatus and a testing technique have been
developed for obtaining the experimental data necessary to verify the
analytical procedure. This apparatus and the technique are capable of
determining the natural vibration modes and frequencies of two-bladed
rotor systems of z. very general configuration while operating in the
absence of aerodynamic loads. An initial test program with the appara-
tus was conducted to determine the adequacy of the equipment. The
tests not only demonstrated the capability of the equipment and test
procedure but also revealed a problem with extrinsic excitation of the
test rotor at frequencies other than the shaking frequency. Recom-
mendations are made for modifications to the system and the techniques
in order to reduce the levels of these extraneous excitations and to
minimize their effects.

The computed and measured spanwise moment distributions
and the corresponding natural frequencies are presented for six of the
natural vibration modes of the test rotor at several rotational speeds.
The theoretical and experimental results are compared, and their
differences are discussed.

The model rotor used in these initial tests was intended to be
so simple as to be representable by the classical uniform uncoupled
beam. Because the theory for this classical configuration is well
established, the differences between the measured and computed results
were to be assigned to the experiment. However, the results of the
tests indicate that the test rotor could not be adequately represented by
the classical uniform uncoupled beam, especially in the higher frequency
natural vibration modes.
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INTRODUCTION

The structural dynamic characteristics of helicopter rotors
have a significant influence on the vibratory loadings experienced by the
rotor, the control system, the fuselage, and fuselage contents. Thus,the
ability of the designer to predict adequately these dynamic characteristics
is essential for minimization of the vibratory loads experienced by the
aircraft and its components.

The many configuration variables and physical parameters of
the blade and rotor system apparently provide the designer with a great
latitude to the layout of a new rotor for satisfying the various perform-
ance and structural integrity requirements. In practice, however, the
uncertainties involved in the predictions of the aerodynamic loads and
structural characteristics encourage an extremely conservative approach
in which maximum use is made of features which have previously proved
to be satisfactory to the particular manufacturer.

Extremely conservative practices with regard to rotor design
have been justified on the grounds that changes to the geometry or elastic
characteristics of the rotor would change the aerodynamic forces in an
unpredictable way. Consequently, radical departures from established
successful rotor systems have been avoided. A fair amount of evidence
suggests that this judgment has been correct. Recent developments in
the aerodynamic theory of rotor blades and the beginning of an under-
standing of tip effects suggest that aerodynamic forces are now
sufficiently predictable to encourage a more precise approach to blade
layout. There is a corresponding need, however, for the establishment
of a validated structural dynamics theory that will permit the combining
of the new developments in aerodynamics with reliable structural and
stability analyses to arrive at rotor designs that satisfy a number of
simultaneously imposed constraints. The effort reported herein is the
first phase of a program initiated to develop and validate a reliable
method for predicting the structural dynamics of rotor systems.

At the present time, blade articulation is largely a matter of
individual company practice, and the particular methods of attachment
and hinge arrangement have evolved from cut- and-try procedures. The
distribution of structural material reflects stress-level estimates, and
the resulting blade designs tend to have some variations in the mass and
elastic characteristics which are generally ignored in current vibration
analyses. For example, the use of bonded doubler skins, particularly in
the -vicnity of the blade root, can introduce shifts in" the elasi-h'
location. Also, point forces, such as those introduced through a pitch-
control horn, usually are neglected in the estimation of rotor and blade
dynamic characteristics. Finally, there are virtually no quantitative
data which would permit the evaluation of structural dynamic analysis
methods of rotor and blades under the ideal condition assumed in their
development- -that is, in the absence of all aerodynamic loads.
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One purpose of this effort, then, was to develop an analytical
pro, edure for predicting the natural vibration modes and frequencies of
representative helicopter rotor systems (operating in the absence of
aerodynamic loads) ot general configuration. The other purpose of this
effort was to develop an e.perimental apparatus and a test techniq e for
obtaining data to verify the analytical method.

The analvtical procedure which has been developed is a
generalization of the associated matrix analysis technique (reported,
for example, in References I and 2). The theoretical effort was largely
devoted to the derivation of expressions for the inertia loadings and
elastic restoring moments (used to define the elements of the mass and
elastic matrices) for a rotor and blade of a very general configuration.
The analytical procedure includes the effects of the following rotor
parameters:

I. Nonuniform mass and torsional inertia distributions.

2. Nonuniform flapwise, edgewise, and torsional stiffness
distributions.

3. Built-in twist.

4. Nean bent shape.

5. Noncoincident and nonstraight cross-section c. g.,
centroid, and elastic axes which do not pass through
the rotor axis of rotation.

b. Details of articulation including:

a. Root fixities.

b. Radial and chordwise hinge offsets.

c. Hinge inclinations.

d. Pitch-horn location (point forces).

e. Pitch-axis offset and inclination.

The e\perimental effort was largely devoted to the design,
fabrication, and installation in a vacuum tank of a rotating shaker
system and rotor drive and support system. The iniLial cxperimental
investigation reported herein was intended primarily to establish the
adequacy of the apparatus. This was to be accomplished by measuring
the natural vibration modes and frequencies of a model rotor system
intended tu be simple enough to be adequately represented by the classi-
cal iniform uncoupled beam. Because the theory for the dynamic
response of this classical configuration is sufficiently well established,
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any differences between the measured and computed results could pre-
sumably be assigned to the experiment. The results of these tests and
comparisons with the simple theory are presented and discussed.

3



THEORETICAL DEVELOPMENT

INTRODUCTION

It is the purpose of this analysis to develop a method for pre-
dicting the natural vibration modes and frequencies (in the absence of
aerodynamic loads) of rotor blades which are of a general configuration.
The analysis will allow for the combined elastic and rigid body motions
of the blades, arbitrary offsets of the root hinges, and noncoincidence
of the blade twist axis, elastic axis, and centroidal axis. Furthermore,
these three axes need not be straight and need not pass through the
center of rotation. The elastic description of the blade includes flapwise
bending, chordwise bending and blade torsion, while the rigid body
degrees of freedom are flapping, lead-lag, and rigid body pitching.

The basic nomenclature used in the analysis are defined in the
list of symbols.

The second section is concerned with the elastic behavior of a
twisted blade,and formulas are developed for the elastic restoring
moments as functions of blade deformations. Expressions are also given
for the deflection of a mass point in the blade relative to a blade refer-
ence axis system which rotates with the blade. The treatment of the
elastic behavior of the blade has been based, to a large extent, on con-
cepts developed by Houbolt and Brooks (Reference 3) in considering a
simpler blade representation without rigid body degrees of freedom. In
particular, the axial stresses due to centrifugal forces are treated as if
the blade acted as a collection of longitudinal fibers.

Expressions for the inertia forces acting on the blade are
required in the procedure developed for finding the blade dynamic
motions and natural frequencies. These are obtained by finding the
acceleration of a differential mass in the blade, multiplying by the mass
to determine the inertia force, and then carrying out the appropriate
integrations.

The problem of determining inertia forces is complicated
because of the generality of the configuration which has been allowed and
the need for determining absolute accelerations relative to an inertial
frame. The derivation of the blade inertial loadings is somewhat lengthy
but is carried out by a series of straightforward steps. Successive sec-
tions treat: (1) the motion of coordinate systems by a series of
transformations, (2) the derivation of the absolute acceleration of a mass
point of the blade from the accelerations relative to moving coordinates,
and (3) the integration of the blade inertial forces to obtain blade inertial
loadings per unit span referred to the blade reference axis system.
Finally, the inertial loading is transformed to moments about the local
elastic axis and the major and minor axes of the blade section. Equa-
tions are then derived for the total force and moment components acting
on a section of the blade.
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The analysis has been simplified by dropping terms in the
course of the development which would lead to nonlinear terms in the
oscillatory variables in the final equations. It has also been assumed
that the mean valaes of the nondimensional structural deformations and
the mean flapping, lead-lag and pitching angles are all small quantities,
so that their squares and products can be neglected when they occur in
the coefficients of the oscillatory variables.

General differential equations for studying the vibrations of a
nonuniform, twisted, rotating helicopter blade including elastic and rigid
body motions could be obtained by combining the expressions for the blade
elastic behavior and the expressions for the blade inertial loadings and
acting bending and torsional moments. Such a development would be
analogous to the one used in Reference 3 . However, the resulting
differential equations would be so complicated (even though linearized)
that some type of approximate method would be required to solve for
the vibration characteristics of the blade.

A different type of procedure was developed in the present
investigation for determining natural frequencies which is an extension
of Targoff's associated matrix technique (References 1 and Z ). In this
procedure the blade is represented by a number of spanwise segments or
bays, and the inertial loadings on each bay are assumed to be concen-
trated and to act at the center of the bay. Each bay is then divided into
two parts--one outboard and one inboard of the concentrated mass. The
half bays are treated as if weightless,with the concentrated mass being
located at the junction between them. The elastic properties are assumed
to be constant within the outboard and inboard halves of the bay (but not
necessarily the same on each). The built-in blade twist is incorporated
in the model by permitting angle .changes at the junction between bays.

The variables in the vibration problem include the forces and
moments acting at the ends of each bay; the elastic deformations at the
ends of the bays; and the flapping, lead-lag, and pitching angles. The
variations of these quantities along the span are related by matrices.
Expressions for the elements of these matrices are derived in successive
sections of this chapter by application of the results for the elastic
behavior of the blade and the blade loadings obtained in preceding
sections. The transformation matrix gives the changes in the variables
at a section where there is an abrupt change in built-in twist. Elastic
matrices for the inner and outer parts of a bay give the changes in thevariables across the inner and outer sections of the bays respectively.Finally, a section is devoted to the mass matrix which gives the changes

in the variables from a position just outboard to a position just inboard of
a concentrated weight at the middle of a bay.

Relationships can be obtained between the variables at the tip
and at the root of the blade by multiplying the matrices for all the bladesegments together. In the final section of the chapter a discussion isgiven of how a solution for the vibration characteristics of the blade can

be obtained from these relationships and the application of appropriate
boundary conditions.
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FL..\S rI( BEHAVIOR OF A TWISTED BLADE

In hi-, .-et to1on. the elastic restoring moment components of a
, r.-, .,et tion ot a tv. ited blade are expressed in terms of dformations.
I h- de vlupment i made iollowv-ng the principles of engineering beam
th,,,r -inutlr to the one ugi-en Iwv Houbolt and Brooks in Reference 3
rhe blade ettes. to. e L ro,. section may change gradually along the span
6'.t 1., t.tnimed s%, tumnt :' about the chord. The axis of built-in twist
., ! ). thc elastL .enter j.:. " ) and the centroid are all on the chord. In

the tre.,tment ol th, ela .. eha\ ior. the present analysis differs from
the anali sis ot Houbolt and Brooks principally in that the axis of built-in
t\%st anid the ela.ti ,t%;s ot the undeforined blade are not assumed to be
coiol. idt nt an.cl alined % th the 2 axis. Due to the built-in twist, the blade
angle & xariv,, mth z ,nd Oze distances e , CY, e. and eA shown on
Filur, I vna% al.-o chan.,e g aduall\ along the span.

,, q o, q~
Be. 7

3. - LEADII~G\ >.«EDGE

,yNTRO I D

V0" THEt-AXIS IS THE BLADE
REFERENCE AXIS.

Figure 1. DIAGRAM DEFINING BLADE STRUCTURAL AXES

AND POINTS IN BLADE SECTION.

The a relerence a\es for the blade are fixed relative to the
;ia(:t root. Eruatl.vi- arV first obtained for the di p aceen of a general
poh .n the lode rclat-\ e to these axes assuming that plane sections
ru-''.r. lan. ae the )ldade deilects. The longitudinal fiber strains and
o. orrt,.,,)on(ini: str,-c- , at any point in a cross section can then be derived
,.-)T: nt, ftquationfl ior the displacements, and finally, expressions can be
, At., : :t-r the. contribution ot these stresses to the internal elastic



Before the occurrence of any deformation, let there be a point
in a blade section at z = x, with the coordinates y = and
Then, from the sketch on Figure 1

Yo y te5, *( ~.)co5,6- ¢ ,,, (I)

When the blade is under loading, let ' be the torsional dis-
placement of the section originally at Z., let u be the displacement in the

z - direction of the centroid of this section and let V and a,- be the dis-
placements due to bending of the elastic center of the same section in the
Y - and -- directions, respectively. Then, the original point (zo, '/,)
will have the following new coordinates:

-w-' }X -, (e.-e) d)s (,dO) * zor (,

where ~or e, is the value ofe or e&., respectively, of a section origi-
nally at x..o . Here a prime is ,,sed to in.dicate ,,iff-r entdon with respect
to -such that

= de

e ;" " dZO7



The quantities Ay and A are defined as

and

and give the linear displacements of the elastic axis at r = z, arising
from torsional deflection at more inboard stations. When torsional dis-
placements are small, it can be assumed that cos 0 = / , s1'n = 0 and

"9 =- w-' = 0 , and the preceding expressions for z, y , and become

z 00 U - - Cy - CA COS,6)

- 401/ 4 0 - e - eA s,,-, ) (3)

(4)

0 + ~ (Yy-(5)

Since, with - 0 at xo= 0

A 'y X e -6 e 5,6' 'Z o

and

Ay,= ey 0, e6, 4xo

L it is clear that

=e and A 'P " y
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Thus,

- - - COSA(6)

-u e'(y"-e , -e ' /" A c"oA)

(7)

~ *w-'~~Yy-e~)(8)

where y0' and are evaluated for constant and G . By differentiating
(1) and (2), it is found that

/ = e e- + e' C.5

e -e)

and, hence, Equation (6) becomes

9



- W+ " '(. -ey -e s )
- a Io ,- e - e 'c ,Cos 5)

-',- e', (I,-'COS 10" 5,1.d) .

Now, by taking any product of v- , , v , z-, a't, ', z-" and ,r"equal to
zero, it follows that

2 Z

+2 Ar' Y -os c? A4S'csn )(9

+ e e, e e 1"1

~2 - (eA ,, -, e 4  d' cos .9 +e

4 -e
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Let dso and dls be the lengths of an elementary fiber before and
after deformation." Then,

Ie

and the longitudinal (tensile) strain of the fiber is

( 
= 

) (d) -

192/
- 1)22 (y) o,) ) .(/ )

where the last step follows because c/ds is approximately equal to unity.
When Equation (9) is substituted into this expression and it is assumed
that 2 ') -- < f') < , the following equation for 6 is obtained:

The end points of an elementary fiber in the two adjacent
sections are taken to have the same and the same

II



-- ' -zr"(yo -e - eA cosA)- e "( o -CO , - eA 5,,

Z" (e e cos A -  AA sA)

+& - e ,(~ .e si

+ eA~ eA 'CO~

+ ( (5/17/4)} '

-ey) + 4" -ev 46;1

The expression given below for e is obtained by letting

and by using Equations (1) and (Z) to eliminate ' atid •

12



1"- (~e) (Z-" Cos/ slnl)

+- ('"coC, 0 /' ,, ,5)* ov) ("0)

,. /' {q o(e/, CS/'- , snA)-,iecosle-e ," ,,+e)

The following elastic properties of the section will be used in
the subsequent development:

JA 4 E dA0

£Af EdA

'A-f 6 ~ C A A.

Figure 2. CROSS-SECTION SYMMETRY.
S If 2, ,

;fA - A (77 -41Z

Al E ceA

£.2 f C-eA)EiA=f q (q-eA E dA
A A

E3 8f (q-,)EdA
A

fq2 + C) 55 dA
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|I

G,.T conventional torsional rigidity

1lh total tension load applied to the blade section in the ,-
direction is denoted by 7 and is given by

T fE 6dA

The substitution of tF from Equation (10) into this expression yields

U _- , e' (z,"cose + &r' s~nl:, )

A

- A (er cos - ey '5n8) + k

Where the average tensile strain is defined by Z A This expression
can be used to eliminate z7 irom Equation (10), giving

€~~~~~ -'s e,- - Z 's, - " ",',,

- { (a-e,(ecos- e- s,nA.)

-~(e C cos6+ e .r

Let ,%1, be the ilapwise bending moment, M be the chordwise bending

mlloment, and Q be the torque, all referred to axes passing through the
elastic center of the section. 4, is positive when it tends to compress
the upper surface, M, is positive when it tends to compress the leading
edge. and Q is positive when the torque applied to the inboard side of
the section tends to make the leading edge move up. The bending
moments are found by multiplying the stress by appropriate moment
arms and integrating over the section, giving

- - E c d A (12)

14



M2, -fqEdA (13)

It may be noted that the tensile stress Ee of a fiber has components equal
to

and

acting in the q- andS- directions, respectively, on the inboard portion
of the blade at a given section. The torsional moment due to these
components must be added to the St. Venant type torsional term G J',
giving

Q-=G j- CE 6 (6 '* ') d A

(14)

fj; {5 (te J/'#q A'}dA

By substituting Equation (11) into Equations (12), (13), and (14) and using
the sectional elastic properties defined in the last paragraph, the
following results are obtained:

(15)

* '(deycosA1Y'/-ei 6 / n/5 *e)

-Te E 85,2'#'

15



{GJ - #T (e'osd-e" slnA')(E a -e

(17)

f(E,- E 832 )(6 } ' , 7-

-(E,6-et EI 2)A' (z'"c,6Ai- r"51,,A)

Let dy and d be the y- and - coordinates of the local axis
of built-in thrust of the undeformed blade. Then,

e, =d- et cos4 and ey -e / .

Hence,

e, 0'Cos/ ,-e' 4 l, e' cos/ +~

e cos,6- e *,7,f ci/ d os/- s "nld - e,,A'

and Equations (15), (16), and (17) may be written as

,,12= 'e {2 o.5016/-,,/-#(,o ;'-d .5/ )} (19)

- A  V2

and

16



T i {JTA+ (d.COSAd d Sin/)(E82 -etJ-)A
+ (E 2%. ( e= EB 0z

+(EB,-2e t £2 eE-_(1)} 9'

(20)

i- 7-(k - e. e/A

If the axis of built-in twist is a straight line parallel to the blade refer-
ence axis, d d'- 0 , and several terms are zero in the above
equations. When the two axes are also coincident ( et = 0 ), the above
expressions reduce to those given by Houbolt and Brooks (Reference 3 ).

MOTION OF COORDINATE SYSTEMS

In the present analysis, equations of motion are developed for a
rotating blade by finding the inertial forces acting on mass elements of
the blade in terms of the motions about the flapping, lead-lag, and
pitching axes as well as the blade elastic deformations. The expressions
for blade motions caused by rotations about these axes are very complex,
particularly when possible offsets of the various axes are taken into
account. The required expressions for these motions are derived in this
section by a series of transformations, each showing the effect of a parti-
cular rotation and/or a translation of the origin of the axis system.

The first six coordinate systems which are used in finding all
the blade motions exclusive of elastic deformations are shown on Figure
3 . Two additional transformations will be described later which give
the orientation of the blade reference axes relative to those shown. The
or 2 x yxk system shown on the figure is an inertial system. A2 is the
constant rotational speed of the rotor about the n-orz -axis, in radians
per second. The 0f y j system rotates with the rotor. Let U1 , V1 , W
be the linear velocity components of the origin oj in the x,, . directions
and pi, r ' be the angular velocity components of the 0, ejy Y system in
the zi, ;, ' directions (i 1, 2, 3, 4, or 5). Then,

U4 V I=W, 0

17
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0*

rr-

(HE -AND, -AXES ARE COINCIDEH T)

Figure 3. COORDINATE SYSTEMS.
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The 0 ;,y 2 system is obtained by rotating the Oz~ylj,, system
about the negative yz-axis (which is parallel to the y -axis and located at
x, z r , ). This rotation angle, , is the flapping angle of the blade, and
it can be seen that

U V=2  , 2r 0, v z =£# -a

1 S - , r Cos, .

The O3zjy, , system is obtained by rotating the 0 xy% ,,system
about the - axis through angleSD, the blade lead angle, and then trans-
lating the origin in the z~r 3- plane to x, -- r , and y 2 eP ,so that

", : "= "A - 5os / -6 *

- ~'QcosA, 6 F s,

U3  a2 ose * v .... e,- r2 (s o-/4 .. -c .

U. v fl2rOS/145 - 2 -5'//7/S - r2 (e.0 C,44 / D. <

V3 =VZ L/s4-u 5 117 esf7d /J.9 Co5,6

W, ={ - P, e, - , ,.. 4 e .. 5s//),6F.

The O, y , yj system is obtained by translating the origin of
the 0 system to Z. R -. 'y:e.. and a:cg , so that

19



- - r .og 5 6  o

~O{r~CP 5 /,, s n1. - (eDvp - e 05 c.S 5 /S COS,

, CP COS/'dV -16D %.p

Vo V. .- P',I' C'-.e

fl(r, - r-, Ai,) C~osD (SP + e.D *in, ~'rr. COS Ig) COS,4

+ 4 r C, 5 'lA'i' t1 rA

Wo: WS 03eOP - ,P

The x5 y, Y5 system is obtained by rotating the 0,, ,. , system

about the C,- axis through an angleAp , the blade root pitch angle, so

that

20



-(e DP *e c osA42 )cosAF}

,46 p c~ co s/ eo

Vs V,, cos,~#W 5i,

+ (rn , + e2, Slr)I 2 ) OS6}'/P

*(evDP s/aS,c2 *r, /, ) 5 , s nA~

4-9 r,-~ o o,4 s Idrcs, 2  5;nDsn

W5 W. co0s/- V4 5it7 5

=.L[(eD~e~ o,,~sn4)sr,,.cs6

-{(r ,,,tD c os/e, - Csr4)cosA2 D

s lni, cosl, 2 -/e 5/1n/2)e-
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--Cl ~ ~ ~ ~ ~ ~ ~ .(l~, r .o , Od~n.1'
-

!

-!-<-, p= - -, ,

Icc,

These six relations may be written in matrix form as

.'5Sr, ,LI 0

K1 , I s -

F ' J p

., ., ' ~ ~ . S-,

. . ... , ' ~ 5,, 5/f?', ,'! 5/4'

4 4



3 (r ~rF s ins,4 -C, /, 3 ,SQ(eop , ,,cos ,1 ,

{Qc -r, cosx. - C, sin4 eo54 (%PeSI?7Cos

~(e., *eDP olg3 rD. ,SD ) srn,3~r 5"/7OI

r ?

*~ 5S' 1os,1,6

F.W= 7o,4 rlDC0Sl,,,P,6 p

F (e 'fC,- e D 5/Acs/n op/~45f,

W E8D DP16

Dp v,- C

FW F. P .5d -cD,, T' 11D ) c o~ s r ps ~ 51714,
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It follows from the preceding matrix, e.g.. notingb. O. that

- 7* ' 7

5

KHs LF, z,, oJ Ls 7 D
As mentioned previously, the final equations of motion which

are obtained tor tinding natural vibration frequencies and mode shapes
of rotating helicopter blades are simplified by the omission of terms of
negligible importance. These equations could be obtained by first
working out exact equations and then linearizing them. However, a con-
siderable simplitication can be obtained in the analysis if terms are
dropped in the course of the derivation when it becomes clear that they
will lead to negligible terms in the final equations.

The first time derivatives of the blade flapping, lead-lag, and
pitching angles (i. e., ' , 4 , andA ,) appear explicitly on the right-hand
sides of Equa.tions ("l) and (22) and also enter implicitly through the time
derivatives, SV, , , Sf., ,D , , etc. The ratios of these time derivatives
to the rotor angular velocity are assumed to be quantities of first order
which are small compared to one. This assumption might be justified,
tor example, by assuming sinusoidal oscillation of the blade at a
frequency of 10nf which involved a blade root flapping motion of
h 0. 5 deg. z 0. 00872 rad. In this case, l,/ n (10f . )(0. 0087)/ =. 087.
Lower values of this ratio would be obtained at lower oscillation fre-
quencies and amplitudes ol vibration.

II Equations (21) and (22) were used in deriving expressions
for the absolute accelerations ot a nass point in a blade, a number of
terms would be obtained in~olving products of jr, .' and ,. These
products could be neglected because they .kould give higher-order terms
in//f , 5, fl . and ifA it the expressions were written in a suitable
nondinmensional form. Some additional terms would be tound in the
expressions for the absolute accelerations in which4.', . andO, would
enter linearly. These terms could be identified as Coriolis accelerations.

The Coriolib forces acting on a rotating blade produce
touplings beL.een vibration modes which are uncoupled when the blade
i. not rotating. These intermodal couplings are unusual in that they are
oroportional to the time rate of change of the variables (6. ,/', and
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and they are unsymmetrical. An interesting consequence of couplings of
this type is that the exact solutions for the "natural vibration modes" of
the rotating system would give motion in which all parts of the elastic
body would not move exactly in or out of phase. However, these effects
are small in the case of rotor blades and can be safely neglected when
computing their vibration frequencies and mode shapes.

It follows that the terms involving le, , /;, and/A in Equations
(21) and (22) will have a negligible effect in the final equations and can be
omitted in the following derivation. Thus, Equations (21) and (22) are
simplified as shown below:

US5 5

u F .

rc 14 -D'r jv (24)
&5  F - A

The (z,, y,, k,), (x- ,y2, I 2 ), (), and
, es . ..... have been itroduced in order to define the

linear and angular motions of the blade due to shaft rotation and motion
about the flapping, lead-lag, and pitching axes. The z y" axes system
which is used as a reference system for the blade has a ifixed orientation
relative to the axes system, as indicated on Figure 4.
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Figure 4~. ORIENTATION OFzy. ?--AXES (BLADE REFERENCE SYSTEM)
RELATIVE TO z,,y,,v,-AXES SYSTEM.
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The yj" system (with the zr-axis being the blade reference
axis) is obtained by rotating the z' 5 system first about the .5 -axis
through an azimuth angle 8 A and then about the negative y- axis through
an elevation angle 9c. Thus, the rotational velocity components of the
zy system in the z-,y- , ands- directions are:

P (P5 Cos *- 04 ) Cr
CO A - S5/ A

r-r 5 cos Oe -(pS COS 6. P .S Sn Oi) s~ne,

They may be written as follows using Equation (23):

1/15

where [] is a 3-x-3 matrix with the following elements:

i'll cos ecos e- r12 ACS5 s 6

r -, : - r~ 5- :os e? (r,, :o)

721 - Si O A2130

131 A CO (,sIr32 Sn si er 3 3 CO56-'

Similarly, the translational velocity components of the origin of the xyk
system in the X- , -and.- directions are given by:

U us  .5  1

V VL 1v, =LJ :v
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The rj y, components of the angular accelerations of the zy),
system and the linear acceleration components of the origin of the
zy system can be obtained from the 2:., components by the same
transformation, giving

and

The total flapping angle and flapping acceleration can be
written as

A

where 6,, is the steady or average flapping angle and Ad, is the
oscillatory component of the flapping angle. A similar breakdown into
steady and oscillatory components can be made of /d andA4, and the
elastic deformations. It is required that final vibration equations be
linear in the oscillatory variables. This will always be a reasonable
approximation for sufficiently small oscillations.

A ,1% , a nd

In addition, the mean angles d. ,, , and b, the azimuth
angle (eA) and the elevation angle (0,) are considered to be small which
leads to simplifications in the equations for the acceleration components
obtained in the next section. Although these constant quantities are not
considered to be as small as the oscillatory quantities, they are assumed
to be small enough so that their squares and products can be neglected
when they appear in the coefficients of the oscillatory variables. When
the expressions for p , ., r' , etc., and simplified accordingly, for use
in the next section, they take the following form:
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-n (e. eg,)

U -e )

(a (e irp r e, 6  C,4F

- (e - -p ,/, rp ,6,)
(25)

cp-( -7.9 *rU OA)

V = {C(0 *,J9,0 + (r~. 7)6} *,,(e, A *

g I-r, - e.,4)+ l(eDP DPA16,)

The blade is a beam in the X'y- system cantilevered at x 0.
Consequently. a mass point in it can move relative to the zy, system as
described in the section on the elastic behavior of a twisted beam. This
motion will be taken into account in addition to the velocities and accel-
erations given by Equation (25) in finding the inertia forces acting on a
mass point in the blade.
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SV LF.R.\lION Oi' \ -.MASS POINT IN THE BLADE

}:, --. ,: ' ch'~it,, wnd at celeration components of a mass
;,), tn t r.:, .. r .- ti :v ', ' ocrc:r,:' .v'tenl are given by the classical

t 1 r-•I

-. 2 9 2b

ri

-. ., V. .- 2 ., - . --

2

t6

V I'
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In the present case thexyy axes are the reference system for
the blade. In the section on the motion of coordinate systems, expres-
sions %%ere dvri~vd ior the zyj components of the linear \elocity of the
origin of the zyy system and fur tho components of the angular e.lotixt o
the zyj, systen. Expressions \ucrc also obtained lor the time drivati\ s
of these compontnts. Tht appro\iniat, lorms ot thes, wpressiois tor
p,. . g.\ en in Equation (25) are to be sbstitlit 'd into Eqt :.t n (2"
Equations 3). (4). and (5) derived in the suct on ton the t behtvior
of a twisted blade express the oordinates ol a 'viass point ot flit, b;id, in
terms o1 the ela.tic dviormatiors. These expression- :or t . and
are also to b, substituted into Equation (27).

The underlned terms in Equation (27) represvnt C,riolis
accelerations associated %N ith the % elocities of a rnoss point rlatix v to

the xzy system arising iron eia stiL deiormations ol the blade. As
discuz.ed earler, the inertic, couplings produced by Cornoli, tore hatx-
only a small influence on the vibration frequencies and mnode h.u,' o
rotating helicopter blades and can be neglerted.

Some new notation and some changes in rotai,., , ii ,
in carrying oat the above-mentioned substitutiin'. The -M% ,ibol r ,,ifl n,_
longer be used to reprcsent the j omponent ot a, guar lt-lc it% bt .-.All
be deined b\

r=a

The physical, signilicance ol the rede.nined nc .A.kt0%, ",, ,ri Y- -. eti. rjost
readil, tor the case %here .5. ,. - do 04  tl , t. herr- it it ttv radial
distance Ironm the rotor shalt to t blade Ne- T,,,n (-,hi, t, -4 t, ,r. r -I AI
to the blade reterenee aiO.

r h w ie tif - ! The O-Ljitf I I- 1V t
v-b i-u-, a t prod ,,-rd bI ti- t _t. i ,,, t i' , -1,, , - " - ,r
are deroted r- t t,, t 1 1%

I f I I Olt 14 1 *



Only very small oscillatory niotiom, of the blade about the~
hLide steady conligurat~o.-n are conitrierv'd. Loi v .-r
bu the( Stead% Portions of 1-. 0 W 1'11, P rt-spectiv'el1 . -whilc the
Ltter -,vt ofi %xthcls will repri-svi-nt fromn no%% on onl their osc illatory
portinn',. ( t'he - b),4 ript i- cimtted troni the ~ hlA~used in

[A', ni lI q4 tii# h-01,1.141"1)s w~hil It 11t 4. irvi oh o l4" ' on the

rght-hand idwi Frv~oi 27 * vr jAg 111.0 ' m ,rd

dIruppitig~ . the' pro li, t 4 I-i- 'rAtii lkr Ojp't rm nt. or lo-irlir

re~idy sri-
-kill

rA

~' he )



- - r(O"" */6) 4 '

- r (32)

an

7I ) - (

tz ty

0 Oz e" JoY

Here the total components at the absulute a c-eiration are
denctted by - . iy and Z ) ; the osc-illatorN components by a, , aand
-4 and the tedy components due to 41 by A,, ay , and Ap

As discussed earlier, t?, and O and the steady portions at the
nondimensional variables are assumed to be small quantities although
not necesSarily as small as the oscillatory variables. The squares or
products of these quantities are neglected in the coefticients ot the
oscillatory quantities. However, products ot these quantities have been
retained in the nonoscillatory parts of the expressions which enter into
the determination of the average deformations.
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It can be readily seen that the inertia forces produced by the
• #.ol uponent ot al celeration are essentially in the axial direction and
're, in general, multiplied by oscillatory angles or moment arms in
the %ibration equations. Hence, after inspecting Equation (30), it
appears reasonable to approximate jr by the familiar expression

A I
-Z A (33)

d'ropping termns alread\ multiplied by oscillatory quantities plus a few
additiunal small terms. These additional terms which are dropped
would be much .imaller than the one given above except possibly those
very close to tie blade root.

A sinilar simplification of the expressions for Z]and ZY is
not possible since no single term predominates for these components
and the iorresponding inertia forces act normal to the blade axis.
I[o\tmever. \Oien the above formulas are used in obtaining the blade
inertia loading later in the analysis, all the underlined terms in
Equationm ( 11) and ( Q) will be dropped by considering that the geometric
, tlt ts ot the stead\ detormations P-, ,^-, .$ and d on the oscillatory

motion-s a re either negligible or would be included in ey , , , eA and
0,T . (That -.. the initial blade contiguration would be defined including
the ,tt-ad\ detormation,4 produced by centrifugal forces.)

BI-ADF INFRtrA LOADING

lhi. igvrtia virce on an intinitesimal element of the blade is
,,,Tai, t'i t,\ si,,p i,,.Itipl\ing its mass times the negative of its abso-
Itts, cat l heratitsi as givn by the e-,pressions in the preceding section.
k tr k ,,, ni,,-tn, v, n the- iollowing analysis. these iniinitesimal forces are
into crctc.d c,' ,'r a .NV tlion to ubtain expressions for the inertia forces and
viiuevnt. A. ting on the hiadv per unit span. A blade section is con-

-Airiv~rA x hit h i perpendicular to the i-axis of the blade reference
I\ trll '4114A icu ti .'d -it L X, in the unloaded condition. The components
t mi, rlii iArt c.. ,tn :in oments per unit span acting at this blade section
,rc, ur .t to.it ir w:d %ith respect to axes which are parallel to the
1,l,,d,. r'tcrii)t t, -\ .teni but \%huse origin has been displaced a distance
A ) r ,lung th, r-a\is. The components of the inertia torces are then

,,, tI rclti i, to ate,,.. hiIn h aire parallel and perpendicular to the blade
ht 'I lo'r the i:1% I'll -,tk ton.

I ivih. with - being the mass density of the blade material at
.k, ,t-vita nt.i n , r,,.,-.t tiunal area dA. and d., ,. being the absolute
Ait 01 icl %t' 'ito. at -t4 . the ix torce and monent components per unit
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-f d Ao
A.A

A

•dA (This moment compo-
A, nent is in the negative

- direction.)

The moment components about the elastic axes of any blade
section are readily computed from these inertia force and moment
loadings.

The expressions lor ez, ,and Zt, given by Equations (31),
(32), and (33) and the expressions for y and y given by Equations (Z8)
and (29) are to be substituted into the above equations. and higher-order
terms in th( oscillatory variables are to be dropped as in the preceding
section. The initial position of a blade element which appears in these
expressions is then written in terms of the section coordinates indicated
on Figure I as

Y e , - 1 Cos's - o ,

It is convenient to define the following sectional inertia pro-
perties for use in the further development:

f q
A A

fI4L' dA
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fy0  qdAd k k,

rp fy_ , p od A : ,n (e:: -7- 6e, , , -Go$ ,-
A

7Kr K - ' o , 2A me( ZO c 5,d oo'/,- , ,

As, in e hE blde i= assme to be s-mti abou the,, chr line it
+ 2 5d7/d C ,, S1o,9

_. K f 2 q e osi~ e 5, s,,, )

K,, z< - IC, Cos' o21e e2 - e2 I- 2, y o,-siS - e j, s,,1id).

Also, since the blade is assumed to be symmetric about the chord line, it
follows that

Using these properties, the sectional properties defined above and the
expressions for Z , Zy , and d. (excluding the underlined terms in
Equations (31) and (32)), the inertia loading components become

. (34 )
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*77 s InA e

(9- fl0 j- I

+(q I 7/el ) ? ~~fe qc S In )(o

+fL r qr.'recOSA) (35)

-7n7 r7~ CF 4 A qA e t c Cos/ 6)J

7ne R(e, ce4qc 5s3),
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~ap(C 0 SI~s fK D(ey~7 co )}]e ,, nl

Ic $$

9A y ei1l "P (e 1c '6

F'' ,tA(Y 0/ ) e

- Om{ep~~. P)qCos/9-66 ")Cos 2j8 +?c(ey c 0SA- e 5'4)

a -f e - 0 A r r n%~ 
r ( e C 05/'1 '

(37)

'IV (38)

a cil
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In the expressions for each of the components, the last term does not
depend on any oscillatory displacement or its time derivative. There-
fore, these are steady terms and will be designated A, '

,and9 for easy reference. (Note thatA, = FX = flnr'.)

:n the subsequent application of the associated matrix method
for finding vibration characteristics, the blade is divided into spanwise
segments. The treatment of individual segments employs axes which
are parallel and perpendicular to the blade chord of the segment (in the
unloaded condition). The figure below indicates the resolution of the
loadings and deformations into components which are parallel and per-
pendicular to the chord at a particular segment.

qj~: - -- - -

Alt ~ ~ ~ ~ ~ ~ - eJ, a, f T UC' d,,

Figure 5. W2SOLUTIONS OF LOADS AND DISPLACEMENTS PARALLEL
AND PERPEYDICULAR TO LOCAL CHORD.

The deformations of the elastic axis due to bending are denoted by 61
and 86 and the components of the total deformation due to the combina-
tion of bending and torsion by &St and 6,t . The initial coordinates of
the elastic center and the axis of built-in twist are denoted by (e, , )

and (d, , d2, ) respectively. These components and their derivatives
with respect to Z can be found from the components relative to the

- -,-axes by the following transformations:
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Itor 6,) (a r" or a,,") Cosd( s ' 8") (&.o, ,, o

( s 62 .S or-') ( ur, ,, or &r")sln

(40)
. (Vt ir, Zr", or V-")COSA

(et or d,): (e or d )os, - (elf or a) s,

(ea or < ) (e ord * (e y or ' c sA

Expressions given below for the components of the force and
moment loadings with respect to axes which are parallel and perpendicu-
lar to the blade chord are obtained by similar rotation transformations.
It should be noted on the diagram that ,, and P :tre the inertia force
loading components perpendicular and parallel L, Lhe chord respectively
but that ,, and -b are the moment loading components taken respec-
tively about axes which are parallel and perpendicular to the chord.

cb - 5/" - Z. sl7

-4 m

-51 (9, 1/ ;5<7 a C
C os/)e

f "S,
- Ml j~ l C P C o s " (€ -e J 7 ,: : 0 S / - C , 5t s /,-1@ ) ' . -~~

I I ',
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-j

)~?{rrD)Cos/ ( sn#0co)-6

)(-c5-r~ s/nA ) -1l* ,. o/ ,)

-- -(7',,{- - c .'- (,0,'co - S d

r- . OS/4(,3)- - f, 7 / COs.).

cs - 'iq o , _ ,q J o/ ,,

- n', ~544

-- fnle C.rl (431

c ~ ~ co-l -+ s7 I":n"1<:,I (43 1
When the quantities (;y and Care defined as below,

C) C tq sin/ =(/-s1/ #ecos/d,

it follows that

( ' CcOS/- C e q,)Cos 2A - c , s // 214

5117, C .cosd (~jqcsm 21 et co s21d
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f- r ) d4K

M, tC -$ .7 COS~p e , y

" "m{(2 "qCcs29-e,s' 2

' , -, - 1-' )C0o59 d(,rsi,,,d} 81t

m 7 5 In 2A + &I cos 2,

A C P COS

- m , - A -.
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2 72 fq ep -(46)

rS~n C3  C

In the computational setup, the blade is divided into a
number of short bays and the mass of each whole bay is considered
to be concentrated at the mid-span of the bay. By considering m to be
the mass of one bay (equal to the product of the span oL the bay and the
average mass per unit span of the bay), all the above expressions for
the ;o's and F i express correctly the inertia loads ot one bay.

ACTING BENDING AND TORSIONAL MOMENTS

In this section, expressions are derived for the bending and
torsional moments acting at any blade section within a given spanwise
segment or bay of the blade as a tunction o the loads applied at the
outboard end of the bay and the deformations in the bay. These
expressions tor the acting moments are combined with expressions
for the elastic restraining moments in a later section in order to obtain
differential equations irom which the total deformations across each
bay can be determined. This solution tor the detormations in an "elastic
bay" is carried out considerinp the bay weightless because the ellects
of inertia forces are introduced as concentrated loads at the junctions
between bays.

Consider a short bay of a blade between - r'o and ,-

with constant4, ey, and ek. These constant geometric parameters are
designated ey"' , , and e'' . The total load acting on the outboard end,
where r = r?), has the force :omponents D ,P, ,and P, and the moment
components , ,and &,. These six components can be found
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rpetiv ebly b integrating the inertia loadirgs p, Av , b, e anie
irom r-r'/' to the tip. The pitching moment is taken about the intersec.
tion of thez -axis and the plane of the outboard end of the cross section.
(As usual, &Y is positive in the negative y -direction while the force
components and other moment components are positive in the po-itive
directions indicated by their subscripts. ) When all terms containing
any oscillatory displacement or its time derivative as a factor are
dropped out, the load components are designated by A.4*, , , and

and may be called the steady portions of ', ; ,, Q , and 4.,
respectively.

A local coordinate system ( x(r), yr) , yr) ) is introduced in
considering the moments acting on a section at

r -- r tL  s 0 4 s 4j- q- 1)0

The origin of this system is at the point where the elastic axis intersects
the section. Let Q0.4 P a# 1r) , and Q Xr) be the components of the total
moment acting on the section referred to these axes. ( axtr,,a n d &. tr)
are taken positive in the positive x(r)and y(r)-directions but Q(i., is
taken positive in the negative ytr)-direction.) It then follows that

whee i isundrstod ha ir ' .Y etc., are force and moment com-

wher &Y (aun etood thPt

ponents applied at station " r' ,while t and ;rt are elastit axis
deflections at station r . When second-order terms in the oscillatory
variahles &-,e dropped, these equations reduce to the tollowing;

4 41 Y Y 1
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Here the steady deflections of the elastic axis have been included in
the definitions of a (' and ev. Since the blade section is not normal to
the % -axis when there is bending deformation, and the blade chord is at
an angle (A J)+-) relative to the y(r)-axis, the above moments must be
resolved accordingly. 'The true local flatwise bending, chordwise
bending and torsional moments (which are to be equated to the elastic
restoring moments M,,'M and ) are given by

--(Q q ),.) A,' -- 05 9  s')I n

R2= o S~fl ++ VOt~,~ le- S Ino44N"

and

-- - 3 '/ Q,., w

respectively. After dropping small terms of second order, substituting
for Q-r) , & vr,,and 4?.) , and using the conversion formulas in
Equation (40), the above equations become

j) --

where

ft An 9 2bb47

A' 1' /

IleA + P, cosd e (8

= ll~ P~ +o~ P Co
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r

'z .t / y /

b -y , A

"'

(QY + e, 7 P nSnY + e (p

e ) - "/ +

ey = e- e''

t will be recalled that

e~.' e - 1f dp'xv and

41 e 0d 0  (Po s at Z" 0~)

Once the shape of 0 vs. X, is estimated, say 0,s the following two

quantities can be comnputed at any desired r :

EY = ey - -- f /d
Then, at the desired x,
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p

3. e *a, ~~ zr~ cos/ 2

E f -05 16 - E Y s n /9

where

Since the steady portions of the moment components only

cause steady displacements, they may be dropped when only the oscilla-
tory displacements are being considered. Thus, the following
expressions for the oscillatory moment components are obtained from
Equations (47), (48), and (49):

A A "

Pt f 6; 2 it b(50)

N2  PbXl *(2-E) 1 A Pb P

(51)

Q~~~ ~~ Q~e'-~ P -P6* 6' '

2 (52)

where

a~- P: -

A A

Q Q-- Q 1 /5 O ')

b A4
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the jAr mass bay concentrated at r A yields tpms a.

-(L W C0/9A"') r /2 ~ "a

S ~ ~ ~ ~ ~ 1 I(P? ) e "

Ay 9Ar-AD1

Cos '*(ep r A?

U))

Cy (, - L9, /'I

and

U q) W' (1r ))

-(nS~005 , ~)( 7/7 r(IC" -
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The -'ibr~aion ,nalysis, 1, carried out u~zig a~ rniod&i x1- vwhl& -1-
the blade is divided into zpanwise segments or bays, each of which is

considered to be a uniform beam without twist. The actual twist will
be taken into account in the model by introducing discontinuities in
twist at the junction between bays as indicated in the diagram below.

L.E. L.E.

INBOARD OUTBOARD
BAY BAY

(i. b.) - (o. b.)

a -b

a -b
'a -b /

bb

bb b

b a.

82 b a.

S2b a,6

Q Q%

A Ip

Figure 6. ANALYTICAL REPRESENTATION OF BLADE TWIST.
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4 c.t, rt 111 IiAM Y 1 iV .t~d -. hordwis.e itorce components P,~ P~,
Tlhl i) end;nl -innts ( . ); the torsional moment (Qc); the flatwise
dC1IieL tIon and ilatm ise slope ( 61, 8[ ); the chordwise deflection and
chordwise slope ( 32, 8' ); the torsional deflection ; ; and the flapping,
lead-lag, and pitching angles ( 8, ,6, A ).

Some of these quantities will change where there is a twist
continuity because the flatwise and chordwise directions are defined
ditferentlv on the inboard and outboard sides of the junction. The
changes in {AL} across the twist discontinuity can be found by multiplying
by a rotation matrix [R]. The nonzero elements of this 13 by 13 matrix
are:

R - cos [" / , bCor I lto8

R,5- ' R 7 5//?" "' ')/(0'.6)) = -b

i5 2 6  ?37 1 -b8

)? : '? :
R 7 3  eftJ),~( 6)

and

R. -or = 9tO13.

The form of the [R] matrix is indicated explicitly on Figure 6.

ELASTIC MLATRIX

The 13 by 13 elastic matrixLE] relates column matrices for
the inboard and outboard ends of an elastic bay of span2 according to

= E] fA} (53)

where IA} is tle column matrix indicated in Figure 6. Since Pt , Pb
,d ,and 4, do not change across any elastic bay, the only

nonzero elements in the 1st, 5th, 9th, 11th, 12th and 13th rows of[EJ
are

£~£5 ~ ~ E E 1
95 if 12.12 '3.13
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and
(ee) (oe) (oe)

there are two nonzero elements in both the 2nd and 6th rows; they are

E 2 2 = £6 = f and E21 = E65 = I .

The rest of the rows of elements depend on the elastic properties of the
bay and are derived in the following paragraphs.

The differential equations for the deformations of an elastic
bay are obtained by equating the acting moment components M, I M. and Q
as given by Equations (50) through (5Z), to the corresponding restoring
moment components, as given by Equation (18) through (20) of the blade
elastic behavior analysis. In the latter equations, the steady terms are
dropped (namely,-"Te, in M, and-r(4.eeA)'in Q ). With w", 8' , and
ct' as defined in Equation (40), 7 =P,

B- (ES 2 - ee Z ) 6'

and
A

A-- GT Y- P k + 8d'+(EB,-2etE,8,, etE-2)(9' ,)

the oscillatory restoring moment components may be written

,, Z 'C (if ". 6 " '0

;2 : Az a'- -(B ,+)
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where

It can be seen that when the expressions for M,, m2 , and 0, given in
Equations (50) and (51) are substituted into the above equations, three

second-order simultaneous linear differential equations for 8, 6, and

are obtained in which some of the coefficients vary with S .

In the expressions for M,, M, , and Q given in Equations (50)

through (52), the terms containing S , , 8 2 or as a factor
account for the effects of the variations of the acting moment components
along the bay due to the variations of the deformations along the bay.
Thus, by keeping the bay lengths short, the variations of 61 : ', 8 P, ,&
or 0 within each bay may be assumed to be linear in the evaluation of

MA , M. and a along the bay. By using

- , 8<
;'.c-

8' ,-,± '"'( 8 ( L ,I I

av V. J,)O! ag

and

the expressions for M4, M2 and Q in Equations (50) through (5Z)
become

M,= A, I A 2 5 -A S

M2  D1 D2 s "D.s2

Since each elastic bay is considered to be untwisted, it follows

(within each bay) that
nd (,' .or €') < (I,, 8,, or 0) ( 8 , 3 , o,

d ( r or ,) = or 6
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where, with all P's and q 's understood to be pro0E~p and eQ(O"'s the
coefficients are

A (e -V A %2 * E

A. P~

A ee. A(I) 
tfp

Al A I X

A PP./

P3 P4 a4vg

z lb - aa.+ 6

A A -P6"I
* 10 1av 8 +v

z P6 - P't P'6 5 3V9v



Cons equently, the desired differential equations are

-. ) ~ - , + A2 , 4 A 5

T (= D, ss -- D) s

?2 s

Then, by subsequent integrations and use of boundary conditions at
r z r e5 or 5 O.it follows that

' - 'o( f 5 / A A 32

(~ ~oe ' ~-~, -- (AtiTA sTA)

S .... ¢-AD - 2)

2 2 S

sf "e Oe)

S2

C5/ c ) (0~ / oe)

, . - d, D -j - -L D-

2 44

SS

A!
2 2  22)t

~S -z {(0 E123 (IDi~ S) 3 2
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After eliminating (J' ds - (,s ) in the second and fourth of these six
equations by the use of the sixth, the first five yield the following five
equations for the derivatives of the deformations averaged from s 0
to s = :

/1/01

82 =vg f_'L (d: A ) (, d+ A( A

: ' .B1 
4,-, "a 2 2

"22

When the expressions for A2, A 3 , . ,2 , ,A2 and A., are substituted into
the above five equations, they can be written in the .Lorm

D,

Z2)2

VV
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where

, = - (6 6; (,Ph

.Zi

- .f +Lp*. 56.~ ~~IEe..p3)

F3  f

fz 2c~j~l~a~

Il

43 2S ZE7

56 e.(ae



t2 ~'2

~2f E1

+

6C 6

a2S

~Z32

ga,, - f 2 )O
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21

2 ~ 3

r 2 J2 EZ 1

-d 2

.~~(d = 0,2b-

'62

541 2C\a J 4

12 -c -2CY E 2. Jz aIir fP
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By substituting the expressions for A1 , D, and A, in the expressions for
the F.'s , the latter expressions may be written

'L "(o.e.)

Qa

FI

bI; (55)

k. 2F

Q2

where [C is a 5-x-0 matrix with the following elements:

2£IJ
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C,3 C,~0

C,,~~ CC

C22  2E If

C23 =--a ~ *lb

.2' 2~ C Z 2 b

C23 *2C 'EZZ /

17~ 2E1f 2C

-28 2 c
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C2, to (b PA lot

C~ C 0

C31 32

C

C36

C35 0

c'Ot

3f7

16



2

= i, d 2C.

c 4-( ' __) 2C

C , B

C5 : 2 C

C

¢54. "ell
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I 8

C E. 2

C57 2 "

A,, -R-, - N
52

CS
C,= - -7r-.

C5.I fo L 2 2 P4 RX 2 10

The following matrix equation is obtained by combining Equations (54)
and (55):

pa, (o.e.)

av# -1

-8y I

= [] [c](56)
2-, •b
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Let[a] denote the 5-x-l0 matrix obtained by the product

[c]= [a' C]

Then the relations

(,.,) _- (oe)_6
avy

lead to the following expressions for the nonzero elements in the 3rd,
4th, 7th, 8th, and 10th rows of the elastic matrix:

IEd3h = eh (h =1,2, and 4-,5, .. /0)

E33 15

t:,$ a 2.h ( hr1, 2,3, and 5, r, ... IL)

7h 3 (h: 1, 2, ... , and 8,, 0)

77 - lei 76

64



E8h 96 (h- 1, 2, 7, and 9, to)

E88 =! ,

E 1oh = C, (h , 2, q)

,E fo 10 5, to

The explicit form of the elastic matrix is indicated below:

[E] _

1

'e$ 2 dSJ SO3 d,55 d56 6l,7 d~s Id1 5? ,,,o

I

2 1

S, d, , ",5, cl,, d , ld, 7  l,8  d3. dM0,

d,: d5, d53  dlo ds d*. d5 5 dq ¢,z,,
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MASS M\TRIX

The 13 by 13 mass matrix,[F], relates the column matrices
for positions just inboard and just outboard of an assumed concentrated
mass. such that

{l [FU ,I out.) (7

The column matrix {A} is the same one discussed previously which has
the matrix elements shown on Figure b

Expressions for the elements in the [F] matrix can be derived
from the expressions for ,F., ;Fb, ,, ]' and & which are given by Equations
(41) through (45) in the section on blade inertia loading. When Equa-
tions (41)through (45)are used for this purpose,the mass "t appearing in
them is considered to be the total mass of a segment of the blade rather
than the mass per unit length. These equations are for the combined
oscillatory and nonoscillatory loadings; but recognizing that p,,= P- '

Ab = , etc., it is easy to separate the oscillatory parts of the
equations. Steady components of the inertia loadings which remain in
the coefficients of the oscillatory variables can be expressed in terms of
basic mass parameters by using Equation (46).

Also,for sinusoidal oscillations at frequency W , the second
time derivatives of the oscillatory variables can be replaced as follows,

cIt = -'a f =-a (f+E

- (see page 47)

When Equations (41) through (45) have been modified as dis-

cussed above, the elements of the [F] matrix are

2 2 5

-,s - l cos s,".J

66



I: c 2 F, -E

7nW r co Sid

F W- uof(-r, )(0s,./,7/9~ c 05,)'eo

f,2 {e cose (e~,.(r -r,,) sn16

2 cos , sin 2d

F~_F18  -Mfl Smr,4Cos/&

F P~& fC05 //1f
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"7 5
7c. snSdcosA * E2  l F,1 -E Fs6

(F -r,, - 9- ~ OCAe (94CoP)

-51 ;t7') tfl .r , o Ae

r~f D ,Cosd

=5' -3 ; Z c05A- e.4 Sln'$' e}

- W7 fl sp4 *I-F ) I. ) C O S/l

q c ) s In 21Y e 4-COs }

F6 aP2o E I.C)L,

F- ~,~a~ m 2(e 2 cos 2 1 9 - 2

r F 5, lA (e,-rp OA rDA PCOS/
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F1 w. el mft, -7nJ(C .?sn 21+e Cos24

+.(,,,Ar cosld o-(e,, - r sA- 4, lsr7f

A~e~vf~{e~ 0 -r~ f

= m~rv" p Dy) 1. Co~/

+ 1
3) cos 2A 16 I (e 2COS 21. _ef 31n 2A}

(OA ,^)(K4 Cc}

P~ mJ(r -rD "eAP '9A

e(K- ep Cy)}
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The reason for E, - f being the only nonzero element in the 3rd, 4th,
7th, 8th, and 10th to 13th rows is that 8/, 8t , 6k, 82, € , 4,,4 , and

,6 , do not change across a concentrated mass.

The explicit form of the [F] matrix is indicated below:

, F Ff F42

, 5,, 5,0 5,,, 5,,, F,,2
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METHOD OF SOLUTION

EI El TOTIP

Figure 7. ANALYTICAL REPRESENTATION OF BLADE.

When the blade bays are designated as in the above sketch,
the complete matrix equation of the blade is

' / r) (j) (tip)

ii [E]' I [RIti [EI]()o [F]; ( A) ( 58)
t1ip

Inasmuch as

(p) Q tp) p(tp) Q(t 'p) = Q(t p) 0
a a. b b 7C

in the W column matrix, only the 3rd, 4th, 7th, 8th,
10th, llth, 12th, and 13th columns of matrix[F]J' 1 are carried. Thus
[E]C'is multiplied into the 13-x-8 matrix that has replaced [F]"). This
gives another 13-x-8 matrix into which [R]")is multiplied. The process
is continued until the last inboard matrix is reached. As a result, 13
equations are obtained relating the variables at the blade root and the
blade tip. The last three equations merely state that, s ,9 , and ,,
do not change from the tip to the root and need not be retained. The
remaining equations can be written in the following matrix form where
the [IX] matrix is identical to the first 10 rows of the product matrix in
Equation (58).
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(root)
P

(tip)
,. 6'

Q4 51

p 82

b 2I ([0cc] is a 10-x-8 matri4

I0,

In addition to the five boundary conditions which apply in all cases,
namely,

0 (rot)) = (rt) ( ; )(root) l(rot) = /r o ) =

there ire three other conditions obtainable by considering the possible
constraints at the flapping, lead-lag and pitching hinges of the blade.
Take the pitching hinge as an example. If 7P is the spring constant
(in inch-pounds per radian) of the pitch control mechanism, then

72 C05
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or, using Q, = . d cos/ b sl/# and Q= cos,6- Q4 sT/d

Wv(la) (root) (root)

1Pep(cosl s~ B04 - ln 3/1n 0 Cos 9A) Q

.(,,,, s"rn,,64 - c°sA ( ,.,i) coS;e,) a

(root) (rIVO O

(cos OE cos e.4) QXt)

where

Q&roet) ( 2 31) ,. +
Q (n = ,cc( -F .6 / + 0,' to

Similar equations can be written for the constraints at the flapping and
lead-lag hinges. Thus, eight simultaneous linear homogeneous equa-
tions in the eight unknowns, (" . ,, , andA" , can be obtained from
matrix Equation (59). The determinaiW of these equations is plotted
versus various trial values of a) for given rotor angular velocity, A,
and nonoscillatory flapping, lead-lag, and pitching angles , and,).
The zeros of this curve are the solutions to the vibration problem for
the given 11, 00, , , and . The simplest case is the one with all
three hinges rigidly locked, so that,$, =/, = A = 0 and the determinant
is simply

OCt V C3 ~

OC7

L( cOc CY fosr

This is the case considered in Reference 2
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EXPERIMENTAL APPARATUS

GENERAL DESCRIPTION

The purpose of the experimental apparatus is to apply a
controlled vibratory force of up to 6 pounds (12 pounds peak to peak)
to each blade of a two-bladed rotor system while operating in a
vacuum at rotational speeds up to 1900 rpm. The equipment which has
been developed has the following capabilities. The vibratory force can
be applied to the blades so that either the symmetric or antisymmetric
degrees of freedom of the rotor can be excited. The radius at which this
force is applied is adjustable with a maximum of 46 inches. A unique
feature of this equipment is that the angular orientation of the line of
action of the vibratory force relative to the plane of rotation of the blades
is adjustable. It can be varied from lying in the plane of rotation to lying
normal to the plane of rotation. This feature enables excitation of either
the chordwise or the flapwise degrees of freedom and also allows the
input generalized force in a specific degree of freedom to be maximized
by aligning the applied force with the motion of the blade at the point of
application. The vibratory force is measured at the attachment point of
the shaker system to the blades with a specially designed force coupling.

The test apparatus is composed of two major assemblies as
installed in the 10-foot-diameter vacuum tank (Figure 8 ). The lower
assembly consists of the test rotor, the slipring assembly, the hydraulic
drive motor, and the base supporting structure. The upper assembly
consists of the rotating shaker system, a 50-pound electromagnetic
vibrator and the overhead supporting structure. These two assemblies
are joined at their common center of rotation by a flexible drive coupling.
This coupling not only transmits the driving torque to the upper system
but also fixes the azimuthal alignment of the rotating shaker system rela-
tive to the test rotor. The two assemblies are held erect and in axial
alignment by a set of four cables and turnbuckles. The hydraulic motor,
slipring assembly, and electromagnetic vibrator are in sealed enclosures
to allow forced-air cooling while the system is operating in a vacuum.
The driving power was supplied by a 7-1/-hp electric motor and
hydraulic pump mounted outside the vacuum tank.

Four energy-absorbing safety barriers fabricated of wood and
metal were installcd so as to surround the plane of rotation of the blades
and the shaker system. An emergency shutdown device was provided
which monitored the vibration level of the supporting structure of the
lower assembly. If the vibrations exceeded a preset level, the device
would bring the rotating system to a stop by shutting eff the hydraulic
pump and introducing resistance into the hydraulic circuit.

THE ROTOR HUB AND BLADES

An existing rotor hub was used which was designed and
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VIBRATOR AND

ENCLSUREROTATING SHAKER

EMBLYSYSTEM AND

TORQUE TUBE

FLEXIBE COUPLIB
ST BLAE & HU i UB

/ SAFETY BARRIERS

IF RINt4 ENCLOSURE

HYDRAULIC MOTOR
AND ENCLOSURE

Figure 8. ROTOR TEST APPARATUS INSTALLATION IN VACUUM CHAMBER.
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fabricated under the sponsorship of the Air Force Aeronautical Systems
Division for use in wind-tunnel tests (Reference I). The hub can be seen
in Figures 8 and 9. The flapping axis for each blade passes through the
axis of rotation and normal to it. The lag hinges are parallel to the axis
of rotation and offset 5 inches from it. Two steel flexure straps (3. 6
inches in length) connect each blade to its lag hinge and provide a pitch
degree of freedom. A fixture was fabricated to interlock the two sides
of the hub and enable it to be converted to the teetering configuration
when desired.

The test blades are uniform beams. They were fabricated as
solid aluminum bars with 0. 5-x-3. 0-inch rectangular cross section, and
when installed on the rotor hub they have a tip radius of 44. 75 inches.
They were mounted so that the effective pitch axis of the rotor hub coin-
cided with the mid-chord of the beams. This placed the blade c. g. on
the pitch axis and eliminated the pitch-flap mass coupling. The blade
properties for the uniform section outboard of the retention pins are:

Weight 0. 1545 lbs. /in.

Flapwise El 0. 3125 x 106 lb. -in. 2

Chordwise EI 0.1125 x 108 lb. -in. 2

Torsional inertia 0. 1155 lb. -in.

Torsional GJ 0.436 x 106 lb. -in. 2

Inboard from the retention pins to the lag hinge,the elastic properties of
the pitch flexure straps are:

Flapwise El 0. 1795 x 107 lb. -in. 2

Chordwise EI 0. 529 x 106 lb. -in. 2

Torsional GJ 0. 135 x 105 lb. -in. 2

The flapping inertia of rotor hub per blade is 159 lb. -in. , and it is
considered infinitely stiff relative to the blades.

THE LOWER DRIVE ASSEMBLY

The structure of the lower assembly consists of two large
welded box-like enclosures bolted together with their connections sealed
using "101" rings and rubber gaskets. The base section encloses the
hydraulic motor and has removable access side panels with bulkhead
fittings for the hydraulic lines, the air lines, and the instrumentation
leads. The top section encloses the slipring assembly. A flexible
coupling connects the hydraulic motor to the rotor shaft. A variable
reluctance pickup was installed in the lower enclosure section to detect
shaft revolutions. Inside the top section of the enclosure, a 44-conductor
slipring was mounted on the shaft. Above the slipring assembly, the
shaft was hollow with outlets on either side of the top bearing and seals.
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Bulkhead plugs installed on these outlets allowed the instrumentation
leads on the rotating side of the sliprings to be passed out of the sealed
enclosure through the hollow shaft to a circuiar terminal board below the
test rotor hub. The upper end of the rotor shaft is splined to accept the
test rotor hub. This splined section of the shaft is also threaded to
permit vertical adjustment of the hub position on the shaft by means of
threaded collars on either side of the hub.

THE ROTATING SHAKER SYSTEM AND UPPER ASSEMBLY

The shaker system and upper assembly are suspended over- -
head on the center line of rotation of the rotor system by a truss
structure. The bearing assembly for the rotating shaker system and
vibrator mounting are attached to the truss by four threaded rods which
allow adjustment of the vertical position of Lhe shaker system and angular
adjustment of its axis of rotation. The vibrator is mounted above the
bearing assembly and is sealed in an enclosure. The cooling air and
electrical lines for the vibrator pass through the enclosure via bulkhead
plugs and fittings.

The shaker system consists of a rotating hub and two diamet-
rically opposed torque tubes which oscillate about their longitudinal axes
(i. e., pitching oscillation). The pitch oscillation of the torque tubes is
driven by the vibrator through a series of push rods, rocker arms and an
inboard pitch arm on each torque tube. Each torque tube is connected to
a blade through an outboard pitch arm, force rod (push rod), and force
coupling. Backlash and friction are minimized by the use of flexures
throughout the entire oscillating shaker system except for a bearing at
the connection between the rotating and nonrotating sides of the system.

The advantage of this shaking system is the capability of
changing the angular orientation of the shaking force relative to the plane
of rotation. The line of action of the shaking force can be varied from
noarmal to the plane of rotation (as when forcing the blade flapwise modes)
to parallel to the plane of rotation (as when forcing the chordwise modes).
This is accomplished by changing the angular orientation (in pitch) of the
outboard pitch arms and force rods relative to the torque tube. The
radial location of the shaking force can also be changed by changing the
radial location of these outboard pitch arms.

The installed torque tube hub can be seen in Figure 9. This
hub rotates in and is carried by the bearing assembly below the vibrator.
A push rod from the vibrator (which is in the nonrotating system) extends
down through the hollow shaft of the hub to a rotating bearing flexure
assembly. The bearing of this small assembly is the connection between
the rotating and nonrotating sides of the shaker system. Short links
connect this bearing assembly to each of the rocker arms (Figure 10)
which are mounted on the top surface of the hub. For symmetric shaking
o the blades, a single rocker arm is used for each torque tube. Anti-
symmetric shaking is obtained by replacing one of the single rocker arms
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BEARING FLEXURE iSSE4BLY

Figure 10. ASSEMBLY OF SINGLE ROCKER ARMS WITH BEARING FLEXURE.

Figure 11. DOUBLE ROCKER ARM ASSEMBLY.
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with a double rocker arm assembly (Figure 11); this reverses the motion
of one torque tube. A push rod and inner pitch arm connect each torque
tube to the rocker arms, as shown in Figure 12.

Each of the hollow torque tubes is cantilevered from the hub
by two pairs of pitch bearings which react the transverse loads on the
torque tubes. The two torque tubes are interconnected by a tension
strap inside the hub. The axial (centrifugal) loads of the torque tubes
are thus reacted against each other through this tension strap.

The outboard pitch arm and force rod are shown in Figure 13.
"'he pitch arm is clamped to the torque tube to facilitate both radial and
angular adjustments. The force rod is connected to the outboard pitch
arm by a flat flexure designed to carry the centrifugal shear load of the
force rod. The force coupling which transmits and measures the shaking
force is assembled at the lower end of the force rod.

This force coupling accommodates the relative angular motions
of the blade with respect to the force rod without significantly influencing
the oscillating shaking force it transmits and measures. The complete
assembly and an exploded view of its components are presented in Figure
14. The shaking force is transmitted through a pair of force wires pre-
luaded by a pair of small beams strain gaged to measure'the oscillating
force. The centrifugal load of the coupling is reacted by the blade
through a tension link. A small aluminum fixture clamped to the blade
provides an adjustable attachment point for the force wires and tension
link. At the attachment point this coupling adds 0. 45 oz. of mass to the
blade, and at this radial location it adds 0. 82 oz. of tension per g of
centrifugal acceleration. These small additional loads are included in
the analysis, and their effects on the predicted results are found to be
small for the test blades of this investigation.
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FORCE BEAN FORCE ROD';

-'" "* TElNSION LINK'

a) INSTALLED VIEW

b) EXPLODED VIEW

Figure 1i. FORCE COUPLING.
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INSTRUMENTATION

The test blade was instrumented to determine the spanwise
distribution of moments in the flapwise, chordwise, and torsional
bending modes by measuring the moments at five radial stations. These
were, nominally, r/R = 0. Z6, 0.40, 0. 55, 0.70, and 0. 85. As a check on
the relative phase and amplitude of the response of the two blades, the
moments were measured at r/R= 0. 26 on the second blade. The moments
were measured using C. E. C. carrier-system I'D" and strain-gage
bridges with four active arms.

The flap and lag angles of the test blade were measured with
calibrated strain-gage beams bridging their respective hinges; a strain-
gage bridge installed on the pitch flexure straps was calibrated to
measure the blade pitch angle. The shaking force transmitted to each
blade was measured with a calibrated four.:active-arm, strain-gage
bridge installed on the force beams of each force coupling. The rotor
shaft speed was determined from a once-per-revolution pulse generated
by a variable reluctance pickup and steel pin protruding from the shaft.
The oscillating input voltage to the electromagnetic vibrator was recorded
as an indication of the total force input to the shaker system and the
shaking frequency.

The available slipring assembly limited the rotating instru-
mentation to 20 channels. Twenty C. E. C. system ID" carrier
amplifiers and two power supplies were used. Four power rings on the
slipring assembly allowed the instrumentation to be commonly powered in
two groups by the two power supplies. The data were recorded on two
6-inch (C. E. C. ti-pe 5-114) oscillographs which were slaved together.
An internally gene, ad correlation trace was recorded on each, and an
accurate timing reLrence was supplied by recording a 60-Hz signal on
each oscillograph.

In addition to the data instrumentation, nine channels of strain-
gage instrumentation were required for monitoring the steady and oscil-
lating stresses in the rotating shaker system during these initial tests.
The requirement to monitor the nine channels of stresses in the shaker
system left only eleven channels for data. The eleven data signals
recorded simultaneously were the three blade root angles, the two
shaking forces, five of the test blade moments,and one moment from the
second blade. The six moments chosen to be recorded simultaneously
were either the flapmise, chordwise, or torsional moments, depending on
the mode being excited. The switching of signals to be recorded was
facilitated by miniature plug-connectors installed in the rotating system.
The wiring harnesses, terminal strips, jumpers, plug-connectors, etc.,
in the rotating system were arranged to provide a flexible data selection.
capability, e. g., the nine channels which were used to monitor stresses
during these tests could be transferred to record additional blade-moment
signals by changing plug connections.
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The 50-pound electromagnetic vibrator was driven by a
variable oscillator and power supply. A frequency counter monitoring
the oscillator f -ovided the operator with an indication of the shaking
frequency. TY - operator monitored the shaking force to the test blade
and its response (the moments at one station) on the x and 9. axes of an
oscilloscope. The rotational speed of the system was read on a
frequency meter.
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EXPERIMENTAL PROGRAM

The objective of the experimental phase of this program was
to develop an apparatus and a testing technique for determining the natural
vibration modes and frequencies of two-bladed model rotors in the
absence of aerodynamic loads. The initial test program which is
described herein was designed to determine the adequacy of the apparatus
and testing technique. Thus the classical configuration of uniform blades,
for which the natural vibration modes and frequencies can be computed
accurately, was chosen for this investigation.

The tests were conducted in a vacuum tank with the air density
(and thus the aerodynamic loads) reduced to about 1.5 percent of that at
sea level; this is equivalent to an altitude of approximately 100, 000 feet.
The blade vibratory modes were explored at rotor speeds of 300, 600,
900 and 1200 revolutions per minute.

It is noted that the natural vibration modes of a two-bladed
teetering rotor include all the modes of a two-bladed rotor with individual
blade flapping and zero flap-hinge offset. This assumes that the blades
and hub are the same for the two systems and that the rotor shaft imped-
ance as seen by the rotor is infinite. The rotor hub used for these tests
is the same in either configuration. It is converted to the teetering con-
figuration by locking together, at the flap hinge, the flapping motion of
the two blades. Therefore, the natural vibration modes and frequencies
were explored in the teetering configuration. The following six elastic
natural vibration modes were investigated:

1. First antisymmetric pin-ended flapwise bending.

2. Second antisymmetric pin-ended flapwise bending.

3. First symmetric cantilever flapwise bending.

4. Second symmetric cantilever flapwise bending.

5. First antisymmetric pin-ended chordwise bending.

6. Second cantilever torsion.

The second torsional mode was investigated instead of the first because
the pitch flexure straps at the blade root were torsionally so soft rela-
tive to the blade that the first cantilever torsional mode is essentially a
rigid body pitch response with virtually no torsional deformation of theblade.

Each mode was investigated by bringing the rotor up to the
desired rotational speed and then applying the appropriate vibratory
shaking force to the blades (as measured by the force couplings) at a
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sequeicte ot closely spaced discrete frequencies over a frequency range
bracketing the latural frequency. An oscillograph recording of the
structural moments and shaking force was obtained at each shaking
trequency. The shaking force and the structural moments, at one span-
wise sttion on the blade, were monitored on the x and V axes of an
oscilloscope. This facilitated control of the force and response
amplitudes. It also helped to nominally locate the natural frequencies
by observation oi the changing Lissajous pattern due to the phase shift of
the blade response relative to the applied force as the shaking frequency
passed through the natural frequency. The natural frequencies are
determined by the minimums in the shaking force per unit amplitude of
response as a function of shaking frequency.
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THEORETICAL COMPUTATIONS

As discussed in the preceding sections, the experimental
investigation of the natural frequencies and mode shapes was limited,
in this particular program, to a rotor system with uniform blades.
The conditions of blade uniformity were, therefore, introduced into
the general theoretical formulation described in the section titled
"Theoretical Development, "and the resulting mass and elastic matrices
were obtained for the uniform blade. Two existing computer programs
using the matrix method of solution described in the "Theoretical
Development" section were modified to use these mass and elastic
matrices. The flapwise and chordwise degrees of freedom are analyzed
with one program and the torsion degree of freedom with the other pro-
gram. Both programs are written in FORTRAN IV for use on an IBM
360 computer.

The flapwise-chordwise bending program consists of a main
program and 8 subroutines. It has a storage requirement of 162, 000
bytes. The blade is represented by a series of concentrated masses
separated by massless elastic segments, each of constant stiffness.
The maximum allowable number of blade segments in this program is
100. The rotor hub is represented by its inertias. The program com-
putes the flapwise or the chordvise natural frequencies and mode
shapes; it also has the capability of computing the coupled flapwise-
chordwise modes for a twisted blade. A flow chart of the program logic
is presented in Figure 15.

The segmentation of the blade representation is chosen
to represent the spanwise blade properties adequately. The inputs
are the spanwise mass, elastic, and twist distributions for the mode to
be calculated; the hub inertias; root boundary conditions; rotor rota-
tional speed; and initial trial value of the natural frequency. The
printed output of the program includes all the inputs in addition to the
computed shear, bending moment, slope, and deflection at the spanwise
position of each concentrated mass.

The computational scheme used in the torsion program is
based on the Holtzer method. The blade is represented by a series of
concentrated inertias separated by inertialess elastic segments. A
flow chart of the program is presented in Figure 16.
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F
DISCUSSION OF TEST RFSULTS AND

COMPARISON WITH COMPUTED RESULTS

The natural frequencies, mode shapes, and corresponding
shear and moment distributions were computed for each of the six blade
modes corresponding to those of the two-bladed rotor system which was
investigated experimentally. Comparisons of the distributions of the
measured and computed spanwise moments and the natural frequencies
tor each of these modes are presented in Figures 17a through 17f. The
comparisons are made at rotational speeds of 300 and 600 rpm for all
modes and, in addition, at 900 rpm for the first symmetric cantilever
fiapwise bending mode. The spanwise moment distributions and natural
frequencies computed for the nonrotating cases are also presented for
reference, although they were not determined experimentally.

The computed spanwise moment distribution for each mode is
plotted on a graph as a continuous curve, and the measured moments are
plotted at each of the five instrumented stations. The amplitudes of the
moment traces were read at three different times within each oscillo-
graph recording (obtained at the experimentally determined natural
frequency), and the resulting three sets of moment data are shown in
the figures. For identification, a different plotting symbol is used to
represent each of these three sets of measured moments. The spread
of the measurements at each spanwise station is an indication of the
overall accuracy of the reduced data.

The computed moment distributions presented are for the mode
shapes normalized to a unit tip deflection-- for the bending modes, one
inch of tip deflection was used; for the torsion mode, one radian of tip
rotation was used. The measured moments, however, were obtained
for tip response amplitudes considerably less than these unit values.
Therefore, to enable comparisons of the distributions of the measured
and computed moments, the measured moment distribution in each mode
was scaled so that the maximum measured moment was made equal to
the computed moment at the same radial station.

In general, the measured moment distributions are considered
to be in satisfactory agreement with the computed distributions, but
there are three exceptions. One exception is the antisymmetric pin-
ended flapwise bending mode at 600 rpm (Figure 17a). The other two
exceptions are the second torsion mode at 300 rpm and at 600 rpm
(Figure 17f).

With one exception, the differences between the measured and
computed natural frequencies range from 2 to 14 percent. The exception
is the first antisymmetric pm:n-ended chordwise bending mode for which
the difference between the computed and measured natural frequency is
about 35 percent.
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Analv.c- ol the theoretical and e\perimental results have
indicated that the ditterences can be attributed to both experimental

r kalo~ u (' , tnd limitations in the assumed mathenmatical model.

As a precautonar\ measure, the shaking force during these
initial te,-,t-, \oa restricted to a rather low level. This factor, together

Silth the hi-h ti1tiness ot the test blades, resulted in low amplitude
rt.-spon-e ,a the blade at the tunda mental shaking trequency. Consequently,
th,. iZiial h. .le were \ery low, in general, and the instrumentation was
operated at m',1\1umlli gain. Internal electronic noise was, therefore,

,tMupliiied as \%ell. Furthermore, excitations extrinsic to the fundamental
-,hakiniZ tort v % ere apparently being introduced to the system. Sources
-I thu ,\trinsit v\citations are such things az the rotating shaker system
it-eli, mall ni alignmcnts ot the rotating shaker system with respect
too the. t,..t rot,r s\steni, the hi\draulic drive inotor, and other mechanical
,ijiiipment operating in the building (%ta the vacuum tank structure). These
,\traneo, exc itation, and the ver lo\\ structural damping of the solid
tv,t blade., resulted in signiticant responses at other frequencies in
11dition low the tundamental shaking frequenc\,. These effects superim-
po,,,et . f i-e tn the _ignal corresponding to the response to the
,Und.i ,intal shaking torce. As a result of these factors, the signal-to-
iii ci ' l,'el on the rek ords were quite low and became worse with
int rt.Ai-mig rotatitinal speed.

Sample usc illograph records are presented in Figure 18.
Booth tt the, 4 sd inple records \tcre obtained for the first symmetric
azitilv ,'r tltp ,s bending miode being torced very close to its natural

trequla \ . Onk, r'e. ord was taken at a rotational speed of 300 rpm and
the- oth, r .it '400 rpmn; the noie level and its increase with rotational
,pved art ividentt.

UA Ithout .i\ tiltering ul the data signals, the low signal to-
nlt4-t' let r', eilted in readout errors, particularly in the measurement
,,t tit natural treqetint ivs. The measured natural trequency was

teotr iinutt h\ the uti init in the variation with tundamental shaking
iroquvn; , i the- 4 king tori v per unit amplitude of r,-sponse (i. e. , at
tiht' peak rt,.pn-.v). the prt ise detinition ul this minimum was
,,f t irt it h\ the noise level in the data.

Nt,\ erthie:s, %%hile there are limitations on the experimental
,.1 curac\ Aso itMrd \% ith problems stich as those discussed above, the
proba hl, errors in the iivasurenients are not sufficiently large to
,14 k ount tor th, diiicrent vs bet\% ven the computed and measured results
. i,-t-er.al, Flth ma.ior reason ,or the difierences that have been
,.etKer% v(1 in thi- im evttiatjon it, that the analytical representation does
net Lorrs,'pond to the dctual physic al system that was tested. It was
intended that the- model contigkiration and conditions designed for these
imilt tests .hwild be so iimple as to be representable by a uniform
,,ii havong negligi ble internodel coupling. This objective apparently
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was not achieved, and significant effects were introduced due to coupling
and the simultaneous excitation of several degrees of freedom. For
example, the exceptionally large discrepancy noted prev ously between
the measured and computed natural frequency for the pin-ended chord-
wise bending mode is due to the fact that the measured resonance was
actually that of a coupled-mode response whereas the analysis assumes
no coupling. Indications are that the measured response in this case
was a coupled mode involving not only pin-ended chordwise bending but
significant amounts of torsion and motion of the rotor shaft and drive
system as well. In addition to this usual type of linear coupling, there
can be a nonlinear coupling, such as a change (and/or periodic variation)
of the generalized mass in the pitch and torsion modes proportional to
the simultaneous response in one of the bending modes. This intermodal
coupling due to multimode forced response can have a significant
influence on the measured resonant frequencies of the system, depending
on the modes and their amplitudes. The simple analytical representation
which was assumed does not account for the response of the rotor on its
shaft and drive system. I i the computations for the pin-ended modes, the
blade moments and deflections have been assumed to be zero at the pin;
this is not necessarily true for the test rotor system. For example, the
torsional response of the rotor shaft and drive system will allow an
oscillating displacement of the radially offset lead-lag hinge. Also, the
relatively complex tension-torsion straps used in the hub in place of
pitch bearings and a pitch spring apparently introduced coupling in the
system which is not accounted for in the analytical representation.
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CONCLUDING RL2MARKS

An analysis and computational technique has been developed

tor predicting the natural vibration modes and frequencies of rotor

blades which are of a general configuration including the combined

rigid body and elastic motions of the blades. This was programed

for the special case of the uniform blade used in the experimenral

phase of this eftort.

An experimental apparatus and a testing technique have been
developed for determi'iing the natural vibration modes and frequencies
of two-bladed rotor systems in all degrees of freedom while operating
in the absence of aerodynamic loads. Initial tests to establish the
capabilities of this experimental apparatus were conducted by measuring
the natural vibration modes and frequencies of a relatively simple two-
bladed rotor system.

The experimental phase of this effort has demonstrated the
capability of the experimental apparatus for applying controllable
oscillating shaking forces in the plane of rotation or normal to the plane
of rotation at the tip of each blade of a two-bladed rotor while rotating
in a near vacuum. This program has also demonstrated the feasibility
of the experimental technique for the use of this apparatus to determine
the natural vibration modes and frequencies of a two-bladed rotor
system while rotating in a near vacuum.

The tests performed with the system during this initial pro-
gram have indicated that, with some small improvements, sufficiently
accurate measurements of natural vibration modes and frequencies can
be made. Satisfactory measurements have been extracted from the
experimental data even though the signal-to-noise levels were quite low
and no special measures were taken during data processing to minimize
the resultant errors. Some elementary mathematical filtering of the
data might have improved the results substantially.

It appears that the extrinsic excitations constitute the primary
limitation on the adequacy of the experimental apparatus. The simul-
taneous excitation of the rotor at frequencies other than the fundamental
test frequency and the corresponding response can have a significant
influence on the measured resonant frequencies. The coupling effects
(which can be linear or nonlinear) associated with such simultaneous
excitations are normally neglected but could be important depcnding on
the particular modes and their amplitudes. Some effort must be applied
to reducing the levels of these undesirable shaking forces or to isolating
the rotor system from them.

A major cause of the differences between the measured and
computed natural frequencies appears to be that the assumed
mathematical model does not correspond to the actual system tested.
Some of the complexities in the test model were introduced as a result
of making use of an available rotor hub. For example, the pitch-tension
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straps used in this hub (in place of a pitch bearing and pitch spring) are
believed to have produced unexpectedly large coupling effects. However,
the model rotor system used in these tests was designed on the basis of
standard ?rocedures in which effects such as those described above and
in the previous section have normally been assumed negligible. Indica-
tions are that these assumptions are not valid for the high-frequency
modes. Consequently, although these initial tests were intended pri-
marily to establish the capability of the experimental system, they have,
in fact, already demonstrated the inadequacy of structural anatysis
methods in current use.
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R F CONI NI% FN DA 1' I O-NS

I i' prv, viit ettort has deve-loped in analvsi s capable of
)rvt: . tht, d\k na nul cia ra%. terist i s of rotor systems of a very

L~lvlt t o. .ri u and hlo. devt-loped, fabixcatedc, and performled
'fl t ets' v ith the te\peri mental appa ratus required to verify the

.1 lil 1\ , I . \'hit(- thetea. u ' ot using the developed zapparatuts and
I e-t tI l~hiique Iti s beeni d.oninst rated, the-re is a problem with

c~ rn~v \% t, ttiLn tit the ttest rotor -,%hich must be attenuated. Also,
eot the neetd tor \ er: tvmno the analytical procedure which has

ht-t-f deve.tloped, It I" re". omiummended that the test appa rattus and technique
cIot*- loped InI til- Prog ram ii used to obtam~ the validating data.
Spetl.it i.. lly, It izl re.ornmnended that:

I1. Ani vutort should be made to attenuate the spturious
excitation reaching the test rotor by isolating the
experimental apparatus from the vacuum tank and
rumi thle hd raulic drive mrotor.

F. on an\- turther tests, relays shc. I I be incorporated
onl thle rotating side of the slipring assembly to switch
troimi stres:.-monitoring signals to data signals. Tils
would permit simiultaneous recording of flapwise,
c ho rdwis c, and torsional moments.

i. The analytical technique developed for the general
rotor COnlmmltration should be programed for digital
olu1putation.

4. Several miodel rotcr configurations should be designed.
tabnicated, and tested to obtain the experimiental data
iiecessar\ to verity thle general analytical method that
11a~. been1 developed.
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